A total dominating set in a graph is a set of vertices such that every vertex of the graph has a neighbor in the set. We introduce and study graphs that admit non-negative real weights associated to their vertices so that a set of vertices is a total dominating set if and only if the sum of the corresponding weights exceeds a certain threshold. We show that these graphs, which we call total domishold graphs, form a non-hereditary class of graphs properly containing the classes of threshold graphs and the complements of domishold graphs. We present a polynomial time recognition algorithm of total domishold graphs, and obtain partial results towards a characterization of graphs in which the above property holds in a hereditary sense. Our characterization in the case of split graphs is obtained by studying a new family of hypergraphs, defined similarly as the Sperner hypergraphs, which may be of independent interest.
Introduction and Background
A possible approach for dealing with the intractability of a given decision or optimization problem is to identify restrictions on input instances under which the problem can still be solved efficiently. One generic framework for describing a kind of such restrictions for graph problems is the following: Given a graph G, does G admit non-negative integer weights on its vertices (or edges, depending on the problem) and a set T of integers such that a subset X of its vertices (or edges) has property P if and only if the sum of the weights of elements of X belongs to T ? Property P can denote any of the desired substructures we
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are looking for, such as matchings, cliques, stable sets, dominating sets, etc. If weights as above are integer and given with the graph, and the set T is given by a membership oracle, then a dynamic programming algorithm can be employed to find a subset with property P of either maximum or minimum cost (according to some given cost function on the vertices) in O(nM ) time and with M calls of the membership oracle, where n is the number of vertices (or edges) of G and M is a given upper bound for T [18] .
The advantages of the above framework depend both on the choice of property P and on the constraints (if any) imposed on the structure of the set T . For example, if P denotes the property of being a stable (independent) set and the set T is restricted to be an interval unbounded from below, we obtain the class of threshold graphs [5] , which is very well understood and admits several characterizations, as well as linear time algorithms for recognition and for several optimization problems [17] . If P denotes the property of being a dominating set and T is an interval unbounded from above, we obtain the class of domishold graphs [1] , which enjoy similar properties as threshold graphs. On the other hand, if P is the property of being a maximal stable set and T is restricted to consist of a single number, we obtain the class of equistable graphs [19] , for which the recognition complexity is open (see, e.g., [16] ), no structural characterization is known, and the maximum size of a stable set in an equistable graph is hard to approximate [18].
As the above examples show, the resulting class of graphs can be either hereditary (that is, closed under vertex deletion)-as in the case of threshold or domishold graphs-, or non-hereditary-as in the case of equistable graphs. When the resulting graph class is not hereditary, it is natural to consider the hereditary version of the property, in which the requirement (the existence of weights and the set T ) is extended to all induced subgraphs of the given graph.
In this paper, we introduce and study the case when P is the property of being a total dominating set and T is an interval unbounded from above. Given a graph G = (V, E), a total dominating set (a TD set, for short) is a subset S of the vertices of G such that every vertex of G has a neighbor in S. For surveys of the literature on the subject of total domination, see [11] [12] [13] [14] .
Definition 1. A graph G = (V, E) is said to be total domishold (TD for short) if there exists a pair (w, t) where w : V → R + is a weight function and t ∈ R + is a threshold such that for every subset S ⊆ V , w(S) := x∈S w(x) ≥ t if and only if S is a total dominating set in G. A pair (w, t) as above will be referred to as a total domishold structure of G.
We remark that for convenience, the above definition allows G to have isolated vertices. Every graph with an isolated vertex is total domishold, even though it does not have any TD sets.
Example 1. The complete graph of order n is total domishold. Indeed, a subset S ⊆ V (K n ) is a total dominating set of K n if and only if S is of size at least two, and consequently the pair (w, 2) where w(x) = 1 for all x ∈ V (K n ) is a total domishold structure of K n . On the other hand, the 4-cycle C 4 is not a total domishold graph (cf. Proposition 5 in Section 4).
